Abstract: In order to study the finite generation property of the YonedaExt algebras of positively graded algebras, Green and Marcos introduced δ-Koszul objects in 2005 [2]. Motivated by ([7]-[11]), we are interested in the δ-Koszulity of a finitely generated graded module over a δ-Koszul algebra and introduce the notion of weakly δ-Koszul module in this paper. The following are proved to be equivalent and are the main results of this paper:
Motivations and Definitions
It is well known that it is very difficult to decide whether the Yoneda-Ext algebra of a positively graded algebra is finitely generated or not in general. In 2005, Green and Marcos introduced the so-called δ-Koszul algebra (module) (see [2] ), which is an attempt to discuss such "finite generation property" for the ( 2) The Yoneda-Ext algebra, E(A) = n≥0 Ext n A (A 0 , A 0 ), is finitely generated as a graded algebra.
Let A be a δ-Koszul algebra and M ∈ gr(A). We call M a δ-Koszul module if there is a minimal graded projective resolution
such that each Q n is generated in degree δ(n) + t, where t ≥ 0 a fixed integer.
Let K δ (A) denote the category of δ-Koszul modules.
The first assertion of the following proposition is a motivation for the definition of weakly δ-Koszul modules. (1) Let M ∈ gr s (A) and
Proof. The proof of the first assertion is similar to that of (Proposition 2.1, [7] ) and the second is immediate from (Proposition 3.5, [5] ). 
where d ≥ p ≥ 2 are fixed integers.
Weakly δ-Koszul modules
In this section, we will discuss the δ-Koszulity of finitely generated graded modules over a δ-Koszul algebra.
Proof. We will only prove (1) since (2) can be proved similarly.
For (1), consider the following commutative diagram with exact rows and columns 
Apply the functor A/J k ⊗ A − to the above diagram, one can get the map
is a monomorphism, which is equivalent to
Proof. Let
be a minimal graded projective resolution of K M . We want to show that each P i is generated in degree δ(i). Note that M is a weakly δ-Koszul module, by definition, M admits a minimal graded projective resolution
. Consider the following commutative diagram with exact rows:
Thus, we have the following exact sequence
Hence
which is generated in degree δ(i + 1) for all i ≥ 0. Thus assertion (1) holds.
The assertion (2) is standard and the third assertion is immediate from the exact sequence
and Lemma 2.1.
Theorem 2.3. Let A be a δ-Koszul algebra and M ∈ gr(A). Let {S d 1 , S d 2 , · · · , S dm } denote the set of the minimal homogeneous generating spaces of M and S d i consists of homogeneous elements of degree d i . Consider the following natural filtration of M :
where
Repeat the above argument, we obtain
Conversely, consider the exact sequence 
Some applications
In this section, we will give some applications of Theorem 2.3.
3.1. On the finitistic dimension conjecture. As an application of Theorem 2.3, we first prove that the finitistic dimension conjecture is true in WK δ (A). The finitistic dimension conjecture, is one of the important and interesting conjectures in the representation theory of Artin algebras. Now we will recall the contents of the original conjecture.
Let Λ be an arbitrary Artin R-algebra, where R is a commutative Artin ring with identity. Let mod(Λ) be the category of finitely generated Λ-modules and
The following is the well-known finitistic dimension conjecture:
Let Λ be as above. Then
It is too far to solve it completely and still remains open now. Therefore it is also interesting to find certain subcategories in which the finitistic dimension conjecture holds. Here, we will show that in WK δ (A), the finitistic dimension conjecture is true provided A is a finite dimensional δ-Koszul algebra. Proof. By Lemmas 3.4 and 3.5.
On the associated graded module G(M )
In this section, we will discuss the δ-Koszulity of the associated graded module of a weakly δ-Koszul module.
Let A be a positively graded K-algebra and M ∈ gr(A), we can get another graded module, denoted by G(A), called the associated graded module of M as follows:
Similarly, we can define G(A) for a positively graded algebra. Proof. By the definition, G(A) i = J i /J i+1 = A i for all i ≥ 0 since the positively graded K-algebra A = A 0 ⊕ A 1 ⊕ · · · is generated in degrees 0 and 1. Now the first assertion is clear. For the second assertion, by (1), we only need to prove that G(M ) is a graded G(A)-module. We define the module action as follows:
for all a + J i A ∈ G(A) and m + J j M ∈ G(M ). It is easy to check that µ is well-defined and under µ, G(M ) is a graded G(A)-module. The proof of the third assertion is similar to that of (1) and we omit it.
